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shock waves being propagated in an isotropic deformed elastic medium are
studied within the framework of adiabatic, quadratic elasticity theory, A
system of equations in discontinuities is written down which describes the sho-
ckwave propagation process from whose solution the velocities of the possible
shocks are determined, Conditions for the existence of possible shocks are ob-
tained from the conditions for solvability of the given system, as a function of
the properties of the medium and the deformed state in front of the surface of
discontinuities, Some of the results are extended to the case of an arbitrary
dependence of the elastic potential on the strain tensor invariants, Constraints
on the existence of shocks imposed by the second law of thermodynamics are
studied,

An extensive literature (see [1-6], for instance) is devoted to the study of
the properties of shocks being propagated in a nonlinear elastic medium,
Shocks in an incompressible elastic medium [1] are studied most, Results have
been obtained successfuly in the consideration of shocks in a compressible me-
dium for either constraints imposed on the dependence of the elastic potential
on the strain tensor invariants [2-4], or on the deformed state ahead of the sh-
ock [4~6], or by constraining the analysis just to certain kinds of waves [3, 5, 6].
In this paper no other constraints are introduced, except that taken into account
are the highest nonlinear terms (quadratic elasticity theory) and a full study is
performed of the properties of shocks in the arbitrary deformed state ahead of
the surface of discontinuities,

1. we define an isotropic elastic medium by the elastic potential W = W (I,
I, I;), where I T, I, arethe Almansi strain tensor components. The Almansi
strain tensor components ¢,; are representable in terms of the displacement vector
components y; in a rectangular Cartesian coordinate system in the form

— 11
€ij = Y, (wi,j & us — Up,iUy,j), 1= €ijs I, = e;je;, (.4
I3 = e;je5uey;

The stress tensor components ¢;; are determined by the formulas
P OW s 9 (1.2)
Gy = o Oc, (6k] "ekJ)

0/pg = (1 — 20, + 212 — 2T, — 4,13 + 4I1, — 8/4I,)"

where 8;; is the Kronecker symbol, and the ratio between the running density of
the medium p and the density of the medium in free space p, is expressed in terms
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of the strain tensor components by means of the contimuity equation,

Let us couple a moving coordinate system z; (i = 1, 2, 3), to a shock being pro-
pagated in the elastic medium by directing the z; axis along the normal to the sur-
face of discontinuities. The velocity vector components v; in the moving coordinate
system are evaluated according to the formula

v; = (Su,/ét + (Ul — G)ui,l -{— Vplhi o (Q = 2! 3) (1‘ 3)

Here G is the velocity of shockwave propagation §/8¢ is the delta derivative with
respect to time {7}, Performing the operation of discontinuity in (1, 3) and taking into
account that the delta-derivative withrespect to time of a continuous function is con-
tinuous, we obtain

il = up;t ] + 0 — G, lul =78y, =1"—7F (g

The plus and minus signs on the quantities denote that they are evaluated ahead of
and directly behind the shock, respectively. We shall henceforth omit the plus signs
at the components of the displacement gradient tensor %;,; since unless stipulated
otherwise, only componenets of this tensor calculated ahead of the surface of discont-
inuity will be present everywhere, Solving (1.4) for  [y;], we find

vy~ —G
[UI] = R—I‘B— {(pgpg —~— u2’3l53,2) Tl + (u1’3U3,2 + p3u1’2) 1;‘2 __%_ (1. 6)

(t1,2U3,3 + Polty,3) Ts}

9 —G
[Ug] = ""1—‘0—‘“ {(PIPS — Uy,alla,) Ta + (Ua,3Us,1 - Pslla,) Ty -+
(B23ly,3 + Palizs) 13} (2, 3)

ph=1—u, p=1-— U, (2, 3), 0= Pi1P2Pg —
Uy oy, glg,1 — Ug,1Ug,aliy,3 — P1lUs,3Ug,2 — Pally,alég; —
Pally,slizq

Here and henceforth, the system (2.3) will mean that the appropriate unwritten
relationship is obtained by commutating the subscripts & and 3.

in this case the dynamic compatibility condition for the discontinuities (the cond-
ition of momentum conservation during passage through the shock) can be written in
the form

Vil — G) = loyl, V=9~ —G? (1.6)

If the quantity [v;] evalued from (1.5), the [0;;] evaluated according to (1. 1)
and (1,2) where W = W (I, I,, I,)are considered known functions in (1.6), then
for a given state of strain ahead of the surface of discontinuity the relationship (1. 6)
is a system of three euqtions in the four unknowns ¥, ;. The parameter V introduced
in (1, 6) characterizes the propagation velocity of the shock. The system (1.6) can be
investigated if one of the discontinuities ¢, is assumed known.

Let us limit ourselves exclusively to second order terms in the components of the
displacement gradient tensor in (1.6)., To do this, it is sufficient to keep only the
following terms
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W"xl/g;v[lg 'J(‘ ulz_]" 31112+m]13 "{‘ n]s (1'7)

in the Maclauren series expansion of the function W = W (I, I3, Iy)

The elastic potential (1.7) is sometimes called the Murnaghan potential, 4, W
are the Lamé parameters, !, m, n are ordinarily called the elastic third order mod-
uli or the Murnaghan coefficients. Substituting (1.7) into (1. 2) and limiting ourselves
to second order infinitesimals in  u;,; we find

05 = hedi; + 2pe;; + (Bm — Muy®; + gy by -+

2 (l — ?\ — u) uk,;;vij “}“ (Sn o 4“’)”:’?&‘”%’57 Ui ™= 1/3 (lfz,"j ”%"' uj,'i)
If (1, 8) is written in discontinuities and the result substituted together with (1. 5)
i{;to (1.6), we obtain the following system of three equations in the four unknowns
» it
(V — Tt + (0,V — k1, -+ (oV — syt -+ ary® + (L9
% (12 -+ Td) = 0

(V — Tty + (0V — Fy)vy -+ (eV — so)15 =yt =0 (2,3

Here

(1.8)

Ty= py (A -+ 20) -F B (ugyy -+ ugy) & 2auy,y, Ty = pau
v Wyt Use) (0 — A —plugy (2,3), « =3+ 3m+
3 — 7 — T, B=2l+6m—4h —2p, y=1-+ 3% n—
=2, o=y — 2p) Uey o (Y T A) Uy

by = (y — W) w2 + YU (2,3), s =(y—20) ug; + (y +
A) uys

sy = (®lgn — Wuas + (fan — 2p) uz,y  (2,3), b, = Uy, by =
Ugn (2,3), € = uyg € = Usy (2,3), n=1,(y —2p)

Let us study the possibility of the existence of longitudinal and transverse shocks
in the elastic medium,
Setting Ty = T, = 0 in the initial system of equations (1. 9), we obtain

V=T —at, b(T—oan)==*h (2,3) (1.10)

A longitudinal shock whose velocity is calculated by the first equality in (1.10) is
possible in an elastic medium if the state of strain ahead of the shock satisfies the last
conditions of (1. 16). Let us note that these conditions are satisfied identically if the
state of strain ahead of the surface of discontinuities is such that

The equalities (1, Il)eanbe considered as sufficient conditions for the existence of
longitudinal shocks in the medium,

The transverse shocks 1; = ( are propagated in an elastic medium if the relati-
onships
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&V —ky) o (eV — 5) T+ % (1 + 1Y) =0 (1.12)
V— Tt + (e,V—s)1, =0 2,3)

are satisfied,

The velocity of the transverse shocks should be evaluated by equating the determ-
inant of the homogeneous system of the last equations in (1, 12) to zero. The first
equality in (1, 12) expresses the condition for the existence of transverse shockwaves.
It must be noted that transverse shocks are impossible in a medium strained in such a
way that (1, 11) are satisfied, Let (1.11) not be satisfied, but Uy g = Ug, = 0,
then we obtain from the last equations of (1, 12)

Vy= T, (253) (1.13)

The case under consideration is qualitatively no different from the linear case.
Transverse shocks are possible on which ©, %= 0 but 1, = 1, = 0 oxconversely,
T3 5% 0  but 1, = T; = 0. The nonlinearity is only manifest quantitatively in
the propagation velocity values for these shockwaves, If u, 5 0 or Uss 7 0,
then a transvers shock waves on which 1, and 7, are not zero simultaneously be comes
possible. The velocity of this latter wave is determined by the relationship

2 A (1 — ot (ToTa — 12 (1. 14)
V1,2: Q+{Q *(21{1 iz(;:;)(i)r273 S283)) , Qng—i—Tg‘*{—

€283 -+ €35,

As the influence of the nonlinearity diminishes, the velocity of the longitudinal
shock tends to the value G = {(A - 2p )/ p,}": for the velocity of a longitudinal
shock in linear theory, The velocities of all possible transverse shocks calculated in
conformity with (1.13) and (1. 14) tend to the value G = {u / po}** for the velocity
of a transverse shock in the linear case as the influence of the nonlinearities diminishes,

The equalities (1. 11) are sufficient conditions for the existence of longitudinal sh-
ocks, On the other hand, if (1, 11) are satisfied, then transverse shocks are impossible
in an elastic medium, Let us note that this result carries over even to the case of an
arbitrary dependence of the elastic potential on the strain tensor invariants,

Evaluating the stress tensor components from (1, 2), let us note that the dependence
of 0y on wmy; (i j) iseven, i,e,, 0y isindependent of the sign of u;; (i

= j). Therefore, the coefficients of T,""~'and 1,>"~" in the expression for [g,,] in
(1.6) will contain the factors ¥j1 or  u, ; (f 5= 1). However, the presence of
terms with 1,2* and 71,*" , whose coefficients may be independent of the state of
strain ahead of the surface of discontinuijties, is possible. Therefore, the first equation
from (1, 6) does not become an identity on a transverse wave, Thus, transverse waves
do not exist in an elastic medium if only (1. 11) are satisfied ahead of a surface of dis-
continuity. This latter essentially extends the known result [5] that transverse shocks
are impossible in an undeformed elastic medium, Analogously to the above, it can be
shown that (1,11) are sufficient conditions for the existence of longitudinal shocks in
an isotropic elastic space in the case of an arbitrary dependence of the elastic potential
on the Almansi strain tensory invariants,
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2. Letus henceforth consider T, to be known and different from zero. Then,
by evaluating 7, and 7, from the last equations in (1.9), and substituting the
values obtained into the first equation in (1, 9), we obtain the following equation of
the fifth powerin V:

(V— T, + ar) RE(V) -+ =1, {R2 (V) + B2 (W)} — (b V — (2.3)
k) By (V) Ry (V) — (eiV —s)) By (V) R, (V) = 0

By (V) =V —T,+ yr)(V— T+ YT) — (eV — 83) (e3V — )

Ry (V) = (bsV — k) (V—T,+ Vo) (esV — 55) (b,V — ks) (2,3)

We seek the solution of (2. 1) approximately by considering u,,; and u;, (J %
1) to be small quantities. Neglecting squares of these quantities in (2, 1), we obtain

(V=T +ar) B (V) =10 (2.2)
It follows from (2, 2) that
V=171~ an (2.3)

Substituting (2, 3) into (1. 9) results inthe equalities T = Tg = 0 in the same
approximation, Therefore, the zero approximation for the first root of (2. 1) corres -
ponds to the longitudinal wave studied earlier which is propagated in a medium if it
is deformed in such a way that (1. 11) are satisfied.

Let u;; = 0 (i # j) in front of the surface of discontinuity, then we obtain
from (2, 2)

Ve =T, — vy, (2,3 (2.4)

if the relationships (1. 11) are satisfied, but u, 3, U4, or both these components
of the displacement gradient tensor are different from zero, then we obtain from (2, 2)

Vas® = (2 (1 — cacg)] {F £ [F? — 4 (1 — cuc5) (TT5 — (2.9)
Tty — vTat + P21, — sa85)]"2}

F= T, 4+ T3 — 2yt -+ €85 + €35,

Therefore, when the state of strain in front of the surface of discontinuity is such
that w; ; = O (i 7= j) shocks are possible in the elastic medium on which either
T, %0, 1,50 and 13=00 7,50, 14 0 but T, = 0. when
conditions (1, 11) are satisfied, and at least one of the components 1, , and g,
of thedisplacement gradient tensor is different from zero, then a shock is possible in
the elastic medium whose velocity is determined by (2.5), All the components of the
wave vector are different from zero on this shock, T, 5= 0,1, % 0,73 7= 0. as
the influence of the nonlinearities diminishes, the velocities of these latter shocks,
defined by (2.4) and (2.5), tend to the value {p / po}/t for the transverse shock vel-
ocity in linear theory, hence, these shocks will henceforth be called quasi~transverse.

Upon substituting (2.4) and (2, 5) into the system (1,9), we obtain that quasi-tran-
sverse shock waves of the kind studied are possible in the medium only if the following
relationships are satisfied
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= Vo=V ln, TEHTi= (Ve —V)ulx (23 &9

It follows from (2, 6) that a necessary condition for the existence of quasi-transverse
shockwaves in an elastic medium whose state of strain satisfies (1. 11) will be the re-
quirement that

('VIO - Vsc) 1’.1 /M > 0 (2,3) (2. '7)

Let I, m, n be negative, This is valid for materials similar to the incompressible
(rubber-like) ones since /1 < 0 for incompressible materials, and hence 10,
m < 0, n < 0. (Experiments [8] show that [, m, n are negative even for metals).

In this case, the requirement (2, 7) becomes

7, <0 (2.8)

We note that condition (2, 8) also results for positive I, m, n,if their orders are less
than the order of A and u. The inequality (2. 8) is the condition for the existence
of quasi-transverse shocks in the case when the third order elastic moduli are zero.

In the terminology of plane shocks (2, 8) means that quasi-transverse shocks will be
simultaneously expansion waves. The order of T; on a quasi-transversewave is of a
second order infinitesimal as compared with T2 or T,

Let us turn to seeking the next approximation for the roots of (2, 1), We note that
the first approximation Vi® for the first root equals zero since V, depends only on
even powers of u;; (i # j). setting V; = V;° + V1¥,where V,(® is a linear
combination of u}; (i 7= j)and substituting into (2. 1), we find

Vy =V + ur§? EP + &%) + & (adds + fifs) (2.9)
a; =bV —ky, fi=eaV’°—s, i=1,2,3

E=V"=V) (V' = V) + fofs, Ea=a3 (V,°—Vy) +
afs (2,3) |
We call a shock wave whose velocity is determined by (2. 9) quasi-longitudinal
since its velocity tends to the value of the longitudinal shock velocity in linear theory
of elasticity as the finfluence of the nonlinearity diminishes.
setting V, = V,° + V,® (2,3) and substituting into (2. 1), we obtain

o e () T 0y

we note that the inequality (2. 7) and therefore (2. 8) as well, have a broader mea-
ning as conditions for the existence of quasi-transverse shocks, than had been remark-
ed, It follows from (2, 10) that (2, 7) is the condition for the existence of quasi-trans-
verse shocks when conditions (1. 11) are not satisfied, i,e., for an arbitrary state of
strain ahead of the surface of discontinuity.

3. A shock wave in an adiabatic elastic medium is an irreversible process. The
thermodynamic condition of compatibility of the discontinuities, which we write in
the form [9]
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5 o] 4 G o] — 2 W1 0 (3.1)

=0t = G), € =To," — dv*
results from the second law of thermodynamics upon crossing the surface of discontinuity.
Let us recall that a corollary of the second law of thermodynamics for a shock in
a perfect gas is the known Zemplen theorem that only compression shocks are possible.

In the case under consideration, it is convenient to use (3, 1) written in the foltowing
form

A
Pa

V3] [2;] ,
—ser =g T O il — L w10 3.2

By

Substituting (1. 2), (1.8), (1,7) written in discontinuities, and (1.8) evaluated ah-
ead of the shockwave into (3, 2) results in the inequality

(+m+n—3%—3ut2<0 (3.3)

for a quasi-longitudinal wave when V is defined by (2. 9).

Terms not higherthanthe cubic in the components of the displacement gradient
tensor were kept in obtaining (3.3), The inequality (3.3) is the analog of the Zemplen
theorem for quasi-longitudinal shocks in an elastic medium. It is hence assumed that
higher arders of the components u;,; than the third can be neglected. For negative

{, m, n, which ordinarily correspond to specific materials, as has been noted, we
obtain from (3. 3)

Ty < 0

i.e,, only quasi-longitudinal compression shocks are possible in such media.

In the case of quasi-transverseshock waves, the inequality (3. 2) becomes an iden-
tity to the accuracy of cubes in  uy,; ,i,e,, energydissipation on quasi-transverse sh-
ocks has a higher order than the third, In this case terms with 1, ;* should be taken
into account in (1,7), However, if a potential in the form (1.7) is selected in a spec-
ific problem, then it should be considered that no quasi-transverse low-~intensity shock
waves exist in the medium, This latter results from (3, 2) after substitution therein of
the relations (2. 10), (1. 5), (1.2) and (1, 8), (1.7) written in discontinuities «
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